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Assumptions:
» Numbers of friends and days are equal. (if not, add some)
» No negative weights. (if not, delete weight negative edges)
» All possible edges from friends to days. (if not, add them)

Definitions: In a perfect matching, every vertex is matched. For
G with edge weights w : E(G) — R, a vertex cover is a function
f:V(G) — R such that w(xy) < f(x) + f(y) for each edge xy.

Key Lemma: For a perfect matching M in G with weights w, and
a weighted cover f, we always have ) ., w(e) < >, cy g f(v).
This inequality holds with equality iff M is a maximum weight
matching and f is a minimum weight vertex cover.

Proof: Sum w(xy) < f(x) + f(y) over all xy € M. If we have
equality over the sum, then equality holds for each edge. M

Key Theorem: Fix a bipartite G with edge weights w. For every
max. perfect matching M, there is a min. vertex cover f such that
>yem W(xy) =2 cv(c) f(v). Proves f and M are both optimal.
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Recap:

Problem: You want the best possible matching between friends
and days; model as maximum (weight) bipartite matching.

Obs (Weak Duality): Min weight vertex cover gives upper bound.
Key Thm (Strong Duality): Inequality always holds with equality.

Maximum (Weight) Matching Algorithm:
1. Start with a solution M and work to improve it
» unweighted: M-augmenting paths
> weighted: Adjustment to f
2. When we get stuck improving, we output
matching M, and cover @ to show M is optimal.

Finally: Lots more applications, in various fields!
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